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Abstract
Optical beams are solutions to the paraxial wave equation (PWE). In this work we report a
new, to our knowledge, optical beam. We solve the PWE by using the angular spectrum of
plane waves theory in circular cylindrical coordinates. This lead us to solutions expressed
in integral form that can be evaluated in closed-form for half-integer order Bessel functions.
We show how to implement numerical simulation and how these results are confirmed by
experiment. We believe this approach facilitates the analysis and synthesis of generic
optical beams.
1 Introduction
It is well known that optical beams are solutions to paraxial wave equation (PWE) [1].
They are able to maintain most of their energy homogeneously distributed very close to the
propagation axis. Their particular features are very attractive to many branches of optical
sciences and they have found an important number of applications such as information
transmission in free space [2], optical trapping [3], nano-optics [4], microscopy [5].
In a classical work, Durnin [6] obtained the J0 Bessel beam by expressing a solution to
Helmholtz equation in integral form which turned out to be evaluated in closed-form
giving as result such optical beam.
Since then, several optical beams have been reported in literature. They usually
are expressed in terms of special functions. It is worth mentioning the examples of
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Bessel [6], Gaussian [7], Bessel-Gaussian [8], Laguerre-Gaussian, Hermite-Gaussian [9],
Airy [10, 11],Mathieu [12], Pearcey [13], accelerated beams [14], Helmholtz-Gauss [15],
Mathieu [16], Gauss-Laguerre [17], Hankel-Bessel [18], Hermite and Hypergeometric [19]
optical beams.
Authors have explored different theoretical routes to obtain such optical beams, ranging
from the direct solution of PWE, to ansatz constructed from properly tailored functions
[20]. As in Durnin case, solutions to wave equation have also turned out to be solutions to
PWE. Others have been derived from diffraction theory. Rayleigh-Sommerfeld diffraction
integral [21], angular spectrum representation [22], Huygens-Fresnel principle [23]. It is
worth mentioning accelerating beams whose rather particular behaviour was predicted by
Berry and Balasz by analysing Schro¨edinger equation [24].
Every new paraxial solution has to be tested by numerical simulations which normally are
more dependent on algorithms for special function calculation than they are on diffraction
theory [25]. Finally, optical beams need to be generated experimentally. Due to their
intrinsic complexity, the preferred method of synthesis, in many cases, is holography
[26,27].
In this work we use a Durnin-like approach to solve the paraxial wave equation. We
obtain a general solution by using the angular spectrum of wave (ASPW) theory [28, 29]
in circular cylindrical coordinates and manage to perform the integral in closed-form by
introducing a half-integer Bessel function with quadratic argument. The numerical study
of this solution is based on 2D fast Fourier transform (2D-FFT) inherited from the integral
representation here proposed. We were able to produce this solutions experimentally
simply by the diffraction of a prescribed function on a plane serving as a amplitude
transmittance. We believe our approach may be very useful to obtain new solution to
paraxial equation in closed-form or, for other more general cases, to numerically and
experimentally produce new paraxial beams in simpler manner.
2 Theory
2.1 Angular spectrum representation for PWE
To begin with, it is well known that solutions to the Helmholtz equation∇2φ+k2φ = 0 [28]
in the form
φ(x, y, z) = f(x, y, z)exp(ikz) (1)
with the condition
∂2f
∂z2
<< 2k
∂f
∂z
(2)
lead to the paraxial wave equation [1]
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∇2⊥f + i2k
∂f
∂z
= 0 (3)
where ∇2⊥ is the transversal Laplacian operator and k = 2pi/λ, λ is the wavelength.
Now, we search for solutions to PWE in the ASPW representation [29]. In this repre-
sentation solutions to Helmholtz equation are constructed as a superposition of coherent
plane waves whose amplitude is weighted by a function called Angular Spectrum Function
(ASF) noted by A(u, v). In Cartesian coordinates it has the form
f(x, y, z) =
∫ ∞
−∞
∫ ∞
−∞
A(u, v) exp[i2pi(xu+ yv + zp)]dudv. (4)
The A(u, v) function is related to the amplitude transmittance t(x, y) located at z = 0
via its Fourier transform.
A(u, v) =
∫ ∞
−∞
∫ ∞
−∞
t(x, y) exp[−i2pi(xu+ yv)]dxdy. (5)
Now, we apply the same ideas to PWE. By substituting Eq.(4) into Eq.(3) one gets a
solution of the form
f(x, y, z) =
∫ ∞
−∞
∫ ∞
−∞
A(u, v) exp[−ipiλz(u2 + v2)] exp[i2pi(xu+ yv)]dudv. (6)
Eq.(6) can be transformed to circular cylindrical coordinates by means of suitable variable
change. Invoking Jacobi-Anger identity [30] one obtains
f(r, θ, z) =
∞∑
n=−∞
in exp(inθ)
∫ 2pi
0
∫ ∞
0
A(ρ, ψ)Jn(2pirρ) exp(−inψ)exp(−ipiλzρ2)ρdρdψ
(7)
The resulting ASF A(ρ, ψ) depends on radial and angular coordinates in the integral.
In order to facilitate the integration on the angular coordinate, we consider a separable
angular spectrum with a simple angular dependence as in the form
A(ρ, ψ) = B(ρ) exp(imψ), (8)
with m 6= 0. Performing the integration on the angular coordinate leads to the expression
f(r, θ, z) = 2piim exp(imθ)
∫ ∞
0
B(ρ)Jm(2pirρ)exp(−ipiλzρ2)ρdρ. (9)
The angular spectrum in the form given by Eq.(8) permits to obtain solutions to the
PWE by finding B(ρ) functions that integrate Eq.(9) in closed-form. In fact, there are
two integrals to be made. One for the plane boundary condition when z = 0 and the
other for any observation distance with z > 0.
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2.2 Half-integer order Bessel functions solutions
In order to obtain the corresponding angular spectrum function B(ρ), one has to evaluate
Eq.(9) at z = 0. This integral is evaluated in closed-form when [31]
B(ρ) = Jn/2(a
2ρ2), (10)
where a is a parameter; n an integer; Jn/2 are half-integer order Bessel functions. Replac-
ing Eq.(10) in Eq.(9) and integrating for z = 0 leads to the result
t(r, θ) = f(r, θ, z = 0) =
pi
a2
imJm/2
(
pi2r2
a2
)
exp(imθ). (11)
In Eq.(11) t(r, θ) is the amplitude transmittance associated to the angular spectrum func-
tion considered in Eq.(10). This will be a very important result for the generation of these
beams by diffraction.
Continuing with Eq. (9) for z > 0, we can say it describes the propagation of the optical
field in the z coordinate. In order to perform this integral, we consider the results [31]
∫ ∞
0
x cos(αx2)Jn/2(βx
2)Jn(2γx)dx =
1
2
√
β2 − α2 cos
(
αγ2
β2 − α2
)
Jn/2
(
βγ2
β2 − α2
)
(12)
and∫ ∞
0
x sin(αx2)Jn/2(βx
2)Jn(2γx)dx =
1
2
√
β2 − α2 sin
(
αγ2
β2 − α2
)
Jn/2
(
βγ2
β2 − α2
)
(13)
for 0 < α < β.
By writing Eq.(12) and (13) in complex form and combining them with the integral (9)
one obtains
f(r, θ, z) = piim exp(imθ)
1
Q(z)
exp
(
−i pi
3zλr2
a4 − pi2r2
)
Jm/2
(
a2pi2r2
Q(z)2
)
(14)
with Q(z) =
√
a4 − pi2λ2z2. This is an exact solution to PWE and it represents an optical
beam whose irradiance is given by
I =
pi2
Q(z)2
J2m/2
(
a2pi2r2
Q(z)2
)
(15)
This is, to our knowledge, a new kind of optical beam and we propose to call it Half-
order Bessel beam. It is also shown that such an optical beam is simply generated by the
diffraction produced by the amplitude transmittance given in Eq.(11) when illuminated
with a plane wave. Fractional-order Bessel functions are known to be solutions to inhomo-
geneous Helmholtz equation and they are useful to approximate anlytical functions [32].
Despite other authors [20] have reported general solutions for paraxial beams in circular
coordinates, they do not include the family of solutions we are reporting here.
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3 Numerical simulation and experimental synthesis
One interesting feature of the present approach is that the amplitude transmittance is
already calculated. Hence, it is straightforward to implement a numerical simulation for
the diffracted field. For simplicity, we only consider the transmittance real part.
The Eq.(11) real part can be represented as squared matrix denoted by T and ξ, ζ matrix
indices. Then, matrix elements are defined as
Tξ,ζm = Jm/2(σ
√
ξ2 + ζ2) cos[m arctan(ζ/ξ)] (16)
with σ and  parameters. This matrix is scaled to 256 gray levels and it is saved as a
bitmap image. Examples of the resulting images form m = 1 to 6 are shown in Fig. (1).
(a) (b) (c)
(d) (e) (f)
Figure 1: Transmittances functions for the six first solutions. (a) (c) m = 1 to 3. (d) (f)
m = 4 to 6.
For the numerical simulation for the diffracted field we consider Eq.(6) in matrix form.
We define the matrix
A = FFT {Tm} (17)
where FFT is the Fast Fourier transform. We also define the matrix associated to the
optical field evolution, whose elements are given in the form
Cξ,ζ(z) = exp[−ipiλz(ξ2 + ζ2)]. (18)
Hence, the resulting diffracted field for a given z is
F(z) = FFT
−1{A ·C(z)} (19)
where FFT−1 is the inverse fast Fourier transform. Eq.(19) allows to calculate the
diffracted optical field by means of FFT which is available in most mathematical software.
5
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Care must be taken of properly accommodate the high and low FFT frequencies. Most
programs include centring functions related to FFT functions.
The results of numerical calculations of the diffracted field for several z values of are
shown in Fig. 2. Light is propagated in the positive z direction, from left to right. One
can see that a focusing region appears. Most of the energy is concentrated around the
optical axis, as expected for any solution to PWE. Several solutions were studied, and all
propagate in the same manner.
Figure 2: Numerical results example for m =1. Propagation at different z distances are
computed. A waist is observed in A, while B-C show the transversal optical field for this
case.
For the experimental synthesis we construct the transmittance in the form of gray level
image printed on photographic film. Diffraction from film slides were studied under co-
herent plane wave illumination. The diffracted optical field was then recorded at different
observation distances using a CCD camera without a lens. Results are shown for m = 1, 6
in figures 3 and 4 for propagation distances schematically depicted in Fig. 2 for A, B and
C characteristic propagation distances.
For each case, one can see there is a good agreement between the proposed numerical
method and the experimental observation, as shown in Fig. 3 and Fig. 4. Experimental
results show that these solutions effectively maintain generic characteristics of optical
beams. For instance, they are able to keep most of their energy around optical axis.
In the near-field region where z ∼ 0, the optical field appears to be almost invariant.
Then it evolves towards a focalization region. Afterwards, the emerging optical field
propagates with an almost constant slightly divergent transverse profile.
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
(j) (k) (l)
(m) (n) (o)
(p) (q) (r)
Figure 3: Numerical and Experimental results for m = 1, 2, 3. a)- c) Numerical results,
d)- f) experimental results for m = 1. g)- i) Numerical results, j)- l) experimental results
for m = 2. m)- o) Numerical results, p)- r) experimental results for m = 3.
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
(j) (k) (l)
(m) (n) (o)
(p) (q) (r)
Figure 4: Numerical and Experimental results for m = 4, 5, 6. a)- c) Numerical results,
d)- f) experimental results for m = 4. g)- i) Numerical results, j)- l) experimental results
for m = 5. m)- o) Numerical results, p)- r) experimental results for m = 6.
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Nevertheless, there differences among our experimental with numerical results. For
instance, for cases when m = 4 and m = 6 in Fig. 4 a)-d) and m)-p). We believe these
differences are due to phase terms that are discarded in scalar theory and that correspond
to vectorial behaviour.
4 Conclusions
We introduced an ASPW representation for the PWE. Using it, one can obtain some
solutions to the PWE by exact evaluation of the diffraction integrals in the ASPW context.
We have showed that a separable angular spectrum facilitates the integration for the radial
and angular coordinates. The angular coordinate is introduced in a form that is easily
evaluated, and the entire problem reduces to finding the integral in the radial coordinate.
We showed that one family of solutions for the radial coordinate is the functions called
half-integer order Bessel functions with a quadratic argument. The ASPW treatment for
the PWE also proves to be very helpful in numerical calculations of the diffracted field.
Accurate results are obtained using FFT. The numerical and experimental results are
in good agreement and show that these solutions preserve most of their energy around
the optical axis, like any paraxial optical beam. A.C.-D, J.B. and J.S. want to thank
Universidad Jua´rez Auto´noma de Tabasco for the support for this work.
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